At medium ice concentrations, sea ice consists of separate floes of different sizes interacting with each other through inelastic collisions, in a way similar to two-dimensional polydisperse granular gases. The dynamics of this type of ice cover is poorly understood. In this paper, a molecular-dynamics sea-ice model based on simplified momentum equations and a hard-disk collision model is used to analyze processes of cluster formation in sea-ice floes. The clusters, formed due to size-dependent equilibrium velocities of floes under a given forcing, have statistical properties dependent on the average ice concentration and on the parameters of the floe-size distribution. In particular, in terms of the size of the largest cluster in the system, two regimes are observed: one at low and one at high ice concentration. At high ice concentration, the dominating cluster spans the entire model domain and contains the majority of floes. The exponent of the cluster-size distribution increases with increasing exponent of the floe-size distribution. The results are discussed from the point of view of the collisional contribution to the internal stress in the ice, as well as from the role of clustering in the floe-formation processes. Thus, they may contribute to the formulation of more reliable sea-ice rheology models valid at medium ice concentrations.
Introduction
Large areas of polar and subpolar oceans are permanently or seasonally covered with ice. Contrary to a perennial ice pack, the seasonal ice cover occupying the central Arctic Ocean is usually strongly fragmented and consists of separate floes, which is due to a lower ice thickness. Even though the two ice-cover types differ significantly in their dynamics, they are both commonly modeled as a continuous viscous-plastic medium. Only a few numerical sea-ice models have made an attempt to account for the granular inhomogeneous nature of the ice. In particular, most sea-ice rheology models assume that the internal stress in sea ice vanishes below concentrations ofĀ ≈ 80%. The internal stress due to floe-floe collisions at lower concentrations is usually neglected. Existing collisional rheology models are based on the assumptions of a constant floe size and/or a uniform distribution of floes on the sea surface [1] [2] [3] [4] . Both assumptions are unrealistic. Firstly, the observed floe sizes are power-law distributed within a range of diameters spanning a few orders of magnitude [e.g. [5] [6] [7] [8] [9] . Secondly, floes tend to form clusters on the sea surface ( Fig. 1 ; see also [9] and [10] ). Clustering is an inherent property of dissipative granular systems composed of interacting particles that scatter inelastically [11] [12] [13] [14] [15] [16] [17] [18] . The analogy between sea ice and two-dimensional (2D) granular gases was recently explored by Herman [10] , who formulated a molecular-dynamics (MD) sea-ice model based on simplified momentum equations and a hard-disk collision model. The nontrivial dynamics of the model was shown to be related to the floe-size-dependent time constant and the equilibrium velocity of floes under a given wind forcing. Qualitatively, the model reproduces a number of features observed in sea ice, e.g., clusters composed of large 'dominating' floes pushing an assembly of smaller floes in front of them ( Fig. 1 ) and moving with a velocity close to the size-weighted average equilibrium velocity of all floes building the cluster. The simulated size distributions of clusters have two interesting properties. Firstly, they are of power-law type with an exponent increasing with the ice concentrationĀ. Secondly, at highĀ a single large 'mega-cluster' develops containing the majority of floes in the system. The goal of the present paper is to explore further relationships between the floe-size distribution (FSD), the ice concentration, and the cluster characteristics in sea ice for a wider range of parameters than in [10] . The analysis of the results concentrates on those aspects of the model behavior that are relevant to the generation of internal stress in the ice and the response of the ice cover to strain and compression, including the network structure of floe-floe contacts within clusters, collisional components of the internal stress tensor, etc. The importance of the obtained results for the future formulation of a realistic rheology model of sea ice at medium ice concentrations is discussed in the last section of the paper.
In view of the fact that clustering in granular materials has been studied mostly for narrow particle-size distributions (especially in freely cooling granular gases or under simple shear), the results of this study may be of interest to scientists interested in other types of granular media with wide particle-size distributions. Another broad purpose of this paper is to make researchers working on the numerical modeling of sea ice more familiar with methods offered by the science of granular materials.
The paper is organized as follows: the next section presents a brief summary of the model equations, their numerical implementation, and the model configuration. The results of the simulations are presented in Section 3. Section 4 contains the conclusions and a discussion.
Molecular-dynamics sea-ice model
As mentioned in the introduction, the present model treats sea ice as a 2D granular medium composed of inelastic particles (floes) moving at the ocean-atmosphere interface. A concise summary of the governing equations is provided below. Details of the model and its numerical implementation are described in [10] .
Model equations
The model consists of two components: one describing the motion of a single floe between collisions, and one describing floe-floe interactions through collisions. It is assumed that the ocean and the atmosphere are not affected by the presence of the ice (i.e., the wind velocity u and the current velocity u are given), and that floes move independently of each other between collisions. We consider N disk-shaped floes with identical thickness and variable radii . The ice has a constant density ρ and a restitution coefficient 0 < < 1. The water and air densities are ρ and ρ , respectively.
Motion of a single floe
In the absence of surface waves, the dominating forces acting on an ice floe result from (i) stress acting on the upper and lower surface of the floe (atmospheric and oceanic skin drag, τ and τ ), and (ii) pressure acting on the vertical 'walls' of the floe (atmospheric and oceanic body drag, τ and τ ), as shown schematically in Fig. 2 . We assume that τ and τ depend quadratically on the wind speed u , τ = ρ C |u |u and τ = ρ C |u |u . In the case of τ and τ , linearized formulae are used, with τ = ρ C (u − u ) and τ = ρ C (u − u ). The drag coefficients C , C , C , and C are set constant.
With the above assumptions, the momentum equation of the -th floe can be written as (see [10] for a derivation):
where denotes time and the time constant τ is given by:
Equation (1) has the form of a Stokes-flow problem, i.e., the floe's acceleration is proportional to the difference between its equilibrium (free drift) velocity u and its instantaneous velocity u . For a given forcing determined by u and u , the equilibrium velocity equals:
where:
As can be seen from (2)- (4), both τ and |u | increase with increasing floe size.
Floe-floe collisions
It is assumed that collisions between floes are inelastic, instantaneous, and can be resolved with a hard-disk model. The collision time between floes and moving along the intersecting trajectories x ( ) and x ( ) is the smallest positive root of the equation:
If u , u denote the velocities just before the collision, the post-collision velocitiesũ andũ are given by:
and k is a unit vector pointing from x to x . 
Numerical formulation and configuration
The model is implemented numerically for an arbitrary number N of disk-shaped floes with an arbitrary distribution of radii P( ), within a square computational domain with periodic boundaries. An event-driven algorithm with a domain decomposition [e.g., 19] is used to integrate numerically the set of N equations (1) in time and to handle the collision events [10] . The list of physical model parameters used in the computations is given in Table 1 . The simulations were performed for power-law
with an exponent α varying between 1.5 and 2.0, which roughly corresponds to the range of values observed in sea ice [6] [7] [8] . For each set of parameters, the calculations were performed for a constantĀ, except for the divergence experiment described in Section 3.1, in which the ice concentration decreased in time at a prescribed rate Ā / = const. All simulations were initialized with random floe positions and velocities and continued for 5 · 10 6 floe-floe collisions (a dynamic equilibrium established typically after ∼ 10 6 collisions).
Modeling results

Cluster formation
The dominating macroscopic effect characterizing the model behavior is the formation of clusters of floes (Fig. 3 ). Contrary to a freely cooling granular gas, in the driven system analyzed here the formation of clusters, as well as their properties, are a direct consequence of a size-dependent equilibrium velocity of the floes. (An example of a similar coalescence mechanism, albeit with very different details of the physical processes involved, is the growth of rain drops due to a radius-dependent fall velocity through the atmosphere.) In a state of dynamic equilibrium, the properties of the system can be summarized as follows [10] : (i) the clusters consist of large, 'dominating' floes pushing smaller ones in front of them; (ii) each cluster moves with a velocity close to the mass-weighted average of the equilibrium velocities of floes belonging to that cluster; (iii) cluster-size distributions (CSD) have a power-law tail with an exponent increasing with the average ice concentrationĀ; (iv) for highĀ, one mega-cluster develops spanning almost the whole model domain and containing the majority (over 90%) of floes. Below, some additional properties of the clusters not considered previously as well as their role in the momentum redistribution and the stress generation in the ice are analyzed in detail.
In all cases, clusters are defined based on the distances between floes: every two floes separated by less than = 0 5 m belong to the same cluster.
Floe-floe contact networks
A useful way of analyzing the spatial patterns emerging during the model simulations is by treating the floe clusters as networks with nodes at the centers of the floes and edges linking the centers of all pairs of touching floes (Fig. 3b,d,f) . This network representation can also be useful in an analysis of the response of the ice cover to strain and deformation, especially at high ice concentrations, as the floe-floe contact network (FFCN) reflects the topology of the force network in the ice (see discussion in Section 4).
One of the very distinctive properties of ice-floe clusters is their asymmetry related to the underlying mechanism of their formation: small floes, moving more slowly, tend to accumulate along the downwind edge of the large ones ( Figs. 1 and 3 ). This asymmetry can be assessed quantitatively by means of the probability distribution P (θ) of the directions of the FFCN edges measured relative to the wind direction. For the purpose of the analysis below, we replace each edge with a pair of oriented edges directed in opposite directions, θ and π − θ. For the whole FFCN, P (θ) is a uniform distribution independent of the ice concentrationĀ and other model parameters. However, analogous distributions estimated for a subset of edges originating from the largest/smallest floes clearly deviate from a uniform distribution (Fig. 4) : for the largest (smallest) floes, P (θ) has a broad peak around θ = 0 (θ = π). This asymmetry is most pronounced at lowĀ, when P (θ) is almost uniform for θ ∈ [0 π/2] (Fig. 3b) , but is present even in compact ice withĀ = 0 9 (Fig. 3f) .
Interestingly, for a given FSD exponent α , the clustering coefficient C [20] of the FFCNs obtained during simulations is ice-concentration independent and equals ∼0.27. It must be noted, however, that no analysis was made as to how finite-sample effects influence those values.
Cluster size statistics
As described in [10] , the model exhibits two regimes determined by the size of the largest cluster in the system (which corresponds to the FFCN connectivity from the viewpoint of the network approach introduced here). At lowĀ, with a large number of disconnected clusters (Fig. 3a,b) , the size of the largest cluster is comparable to the size of the largest floe in the ensemble; at high A, the largest cluster spans the whole model domain and contains over 90% of all floes (Figs. 3e,f and 5). The results obtained here show that the location of the transition between the two regimes depends on the exponent α of the FSD: it shifts towards lowerĀ with increasing α , i.e., with decreasing width of the FSD (Fig. 5) . Similarly, if we define an effective cluster radius as the radius of the circle with surface area equal to the surface area of all floes belonging to that cluster, then the resulting clustersize distribution has a power-law tail with an exponent α increasing with increasingĀ and α (Fig. 6) . Although the limited computations conducted thus far do not allow for an assessment of the significance of this relationship, it is interesting to note that for all three analyzed values of α the range of ice concentrationsĀ resulting in α ≈ α corresponds to the transition zone between the two regimes mentioned above. More calculations will be necessary to verify this observation.
The results discussed thus far where obtained from a set of simulations with constantĀ. In order to check whether there is a hysteresis in the transition between the megacluster and the disconnected regime, simulations with time-varyingĀ are necessary. Due to a number of numerical limitations (problems with overlapping particles etc.), the present version of the model does not permit stable calculations under convergence conditions ( Ā / > 0).
However, the algorithm functions properly for the opposite case of divergence ( Ā / < 0) realized by expanding the model area with a time rate such that Ā / = const. The size of the largest cluster as a function ofĀ( ) for simulations initialized fromĀ = 0 85 with α = 1 8 is shown with blue lines in Fig. 5 for Ā / = −0 05 and −0 10 per hour. It can be seen that for strong divergence the size of the largest cluster at any instantaneous value ofĀ is very close to that for the corresponding stationary situation. However, when the divergence rate decreases, the mega-cluster survives to much lower ice concentrations, and its breakup is gradual instead of abrupt. Thus, the results for the divergence case clearly suggest the existence of a hysteresis, present in situations of sufficiently slow changes to the system, with the cluster size observed at a givenĀ depending on the time history.
Collisional contribution to internal stress
An advantage of MD models for simulating the dynamics of individual particles is that the collisional contribution σ to the internal stress tensor σ in a given system can be calculated directly based on the momentum exchanged within that system during all collisions having taken place in a given time period ∆ within a certain region of surface area S. The Cartesian components σ of σ are given by [13, 21] :
where S = L 2 is the area of the model domain, the index runs over all collisions in S within time [ + ∆ ], and the index runs over the two partners of the -th collision. The momentum exchanged during the -th collision in the direction is denoted by ∆ ; = ( ) denotes the vector linking the center of mass of the colliding floe with the contact point with its partner.
In the analyzed cases, the off-diagonal components of σ are close to zero -see Fig. 7 for an example. At low ice concentrations, the diagonal components of the stress tensor, σ 11 and σ 22 , increase approximately linearly with increasingĀ. The increase becomes faster within the transitional region between the two regimes described in the previous section until the stress level reaches 'saturation' in the mega-cluster state. It is noteworthy thatĀ ≈ 0 8 is typically used in numerical sea-ice models as a (rather arbitrarily established) threshold above which the internal stress in the ice becomes significant. The results presented here suggest that introducing an ice-concentration threshold for the internal stress may be justified, but that the location of that threshold is dependent on the properties of the ice, and in particular on the width of the FSD. 
Discussion and conclusions
The model presented here and in [10] provides a useful tool for developing an improved rheology model for the medium-concentration ice zone (MCIZ) based on the already mentioned possibility of the direct calculation of the collisional contribution to the internal stress. It is worth noting that the assumptions underlying the existing collisional rheology models, i.e., constant floe size and uniform distribution of the floes on the sea surface, produce nonzero internal stress only in situations of strong strain of the ice field [1] [2] [3] [4] . In a configuration like the one used in this paper, those models give σ ≡ 0, i.e., in equilibrium all floes move with their free-drift velocity (equal for all floes). The results presented here clearly suggest that a certain level of internal stress is maintained in the system even without strain and at relatively low ice concentrations, the source of which being collisions of different-size floes within clusters. Macroscopically, the free-drift assumption, typically used in numerical sea-ice models for A ≤ 0 8, is expected to lead to overestimated atmosphereocean momentum-transfer rates. The expected velocities of the largest floes -which are those most likely to be observed and tracked in real situations -are lower than their equilibrium free-drift velocities estimated from their size and mass. As mentioned in Section 3, the value of the floe-size-weighted average equilibrium velocity provides a good first approximation. The formulation of the above conclusions in a more quantitative manner important for a more accurate numerical modeling of sea ice will require further analysis and more extensive simulations. The results presented in this paper provide also interesting clues to the floe-formation processes. Recently, [9] suggested lateral freezing within floe clusters may play a role in floe formation. As shown here, clusters of ice floes have a power-law size distribution with an exponent α dependent on (and generally different from) the exponent α of the FSD. Assuming the clustering-freezing scenario as one of the floe-generation mechanisms, this should lead to changes in the FSD exponent (towards lower/higher values at low/high ice concentrations, respectively; Fig. 6 ).
Finally, given the limited number of studies devoted to the dynamics of driven granular materials with wide particlesize distributions, the results obtained here may also contribute to a better understanding of the behaviour of other, similar systems.
